We show the AdS/CFT correspondence between the conformal partial wave and the geodesic Witten diagram with anti-symmetric exchange. To this end, we introduce the embedding space formalism for anti-symmetric fields in AdS. Then we prove that the geodesic Witten diagram satisfies the conformal Casimir equation and the appropriate boundary condition. Furthermore, we discuss the connection between the geodesic Witten diagram and the shadow formalism by using the split representation of harmonic function for anti-symmetric fields. We also discuss the 3pt geodesic Witten diagrams and its extension to the mixed-symmetric tensors.
erty. There is another method to solve the conformal Casimir equations which is called the shadow formalism [12, 13, 14, 15, 16, 17] . The advantages of GWD, compared to the shadow formalism, are (1) the direct connection to the bulk theories, and (2) no shadow contribution. We will address these properties in section 4.
For such quest, studying CPW with mixed-symmetric tensors is important. Even when we only consider the correlation function of the symmetric-traceless fields, internal operator can be other than the symmetric-traceless ones, namely mixed-symmetric fields. Such CPW go on the stage, for example, when bootstrapping the correlation function for spinning operators, and studying the higher spin theory in AdS [18] .
From the above motivations, we should study GWD with mixed-symmetric tensors. GWD was first developed by [8] for CPW with external scalars. Extension to the external symmetric-traceless fields was studied by [19, 20, 21, 22, 23] . See also related work which includes the GWD with interfaces [24] . In these studies, the internal operator was restricted on the scalar or symmetric-traceless field.
In this paper, we discuss the anti-symmetric (p-form) exchange especially. This is because, in this case, the bulk-bulk propagators has been known explicitly [25, 26, 27] . As an explicit example, we display the correspondence between GWD and CPW for the two scalar and two vector fields with 2-form exchange. In addition, we compute the 3pt diagram including a mixed-symmetric tensor (described by Young diagrams with the hook) whose bulk-boundary propagator can be derived from conformal symmetry. On these accounts, first we extend the embedding formalism in AdS [28] to the anti-symmetric tensors (indices). Moreover, we discuss the split representation of the harmonic function for anti-symmetric fields so that we can see the connection between GWD and the shadow formalism. This paper is organized as follows. In section 2, we develop the embedding formalism for antisymmetric indices in AdS space by introducing auxiliary Grassmann odd fields. We also comment on the bulk-boundary propagator for mixed-symmetric tensors. In section 3, we compute some 3pt GWD with mixed-symmetric fields and discuss the choice of 3pt interactions and geodesics. In section 4, we show the correspondence between CPW and GWD with anti-symmetric exchange and its relation to the shadow formalism. In section 5, we summarize this work and discuss the future directions.
Embedding formalism in AdS d+1
In this section, we develop the embedding formalism for anti-symmetric fields in AdS. Since AdS d+1 isometry SO(d + 1, 1) can be regarded as Lorentz symmetry in R d+1,1 , we can naturally embed AdS d+1 fields into R d+1,1 . The formalism for symmetric-traceless fields was studied intensively in [28] (see also earlier work in [29] ). The embedding formalism was also developed for CFT rather earlier [30, 31, 32, 33, 34, 35, 36, 37, 38, 39] .
Anti-symmetric tensors in embedding space
We use the embedding definition of (Euclidian) AdS d+1 and its conformal boundary R d . Let us consider R d+1,1 and its sub-manifolds
These sub-manifolds indeed represent the AdS d+1 and its conformal boundary R d . Especially,
and
describe the Poincaré patch and its boundary. Here we used the light cone metric
Let us consider the anti-symmetric p-tensor (p-form) field F A 1 ···Ap (X) in the embedding AdS space. This field can be pulled back to the original field f µ 1 ···µp (x) in AdS via
where x µ = (z, x a ) is the original AdS coordinates. We impose the transverse condition
in such a way that the number of independent components of F A 1 ···Ap corresponds to the one of f µ 1 ···µp . This condition projects out the unphysical components, such as
Here F A 2 ···Ap is an anti-symmetric tensor which also satisfies the similar condition as (8) . Thus, there are in total d+1 p−1 constraints so that the number of components of F A 1 ···Ap (X) can accord with the original f µ 1 ···µp (x). In the embedding space, it is very useful to introduce the auxiliary field to contract the indices
where Θ is a Grassmann odd field. We can restrict Θ · X = 0 without loss of any information (Θ · Θ = 0 is automatically satisfied). This auxiliary field encode p-form field into the polynomial of Θ with pdegrees. In order to go back the components language, we introduce the differential operator
This operator will decode a given polynomial for Θ into an anti-symmetric tensor. Note that K A is interior with respect to the submanifold X 2 + 1 = (Θ · X) = 0. Throughout this paper, we use left derivative for Grassmann variables. In addition, it satisfies 1
Here G AB is the induced metric
1 We use the anti-symmetrization [· · · ] with strength 1.
For general tensor fields, the covariant derivative ∇ A is naturally defined as
which preserves the transverse condition X A ∇ A = 0. When we consider the polynomial of Θ, the counterpart of the above covariant derivative is
The last term of r.h.s. is necessary to stay in the submanifold (Θ · X) = 0. These definitions become equivalent to ∇ µ f µ 1 ···µp after projecting to the original AdS space.
The SO(d + 1, 1) generator for the anti-symmetric fields is
For the p-form polynomial F (X, Θ), one can see
where ∇ 2 is the Laplacian for p-form in the embedding space:
Anti-symmetric tensor propagators in embedding space
Let us consider anti-symmetric tensor (p-form) fields. The equation of motion for a massive 2 p-form with source field j µ is
Then the bulk-bulk propagator satisfies
If the source term is absent, by using the Riemann curvature in AdS d+1
one can show that (18) is equivalent to
Here we used the relation between mass and scaling dimension ∆,
. Note, however, the similar modification for bulk-bulk propagator is justified only when x 1 = x 2 .
Bulk-bulk propagator
The tensor structure of bulk-bulk propagator is fixed by AdS isometry. Namely, we need to have the polynomials of degree p in both Θ 1 and Θ 2 .
Note that (Θ i · X j ) 2 = 0. Bulk-bulk propagator for the p-form was studied in [25, 26, 27] . We displayed only results in the embedding space 3 ,
where
Here U is the chordal distance defined as U = −1 − X 1 · X 2 . By using the above ingredients, we have obtained
is the quadratic conformal Casimir for p-form. This is just the key identity for the geodesic Witten diagrams with the p-form exchange. It should be again stressed that the divergence of the propagator becomes subtle when X 1 = X 2 . Therefore the second equality is valid only when two points X 1 and X 2 are separated although it is enough for our geodesic integrals.
Bulk-boundary propagator
The tensor structure of bulk-boundary propagators are completely fixed by the conformal symmetry.
This is also the case for p-form propagator G
b∂ (X, Θ; P, θ). It satisfies
and we have unique tensor structure which satisfies the above condition:
where C ∆, [p] is the overall constant to be determined below.
Besides the kinematical derivation, let us see the boundary limit of the bulk-bulk propagator which fixes the overall constant.
2.3 Bulk-boundary propagator for the mixed-symmetric tensor
Before closing this section, we comment on the extension to the mixed-symmetric tensors in AdS. We mention only the bulk-boundary propagators and not argue the bulk-bulk propagators. As like (8), we should impose the transverse condition to the mixed-symmetric field H in order to reduce the degrees of freedom. Following the arguments on [32] that discussed the mixed-symmetric fields in CFT, we can find the bulk-boundary propagators for the corresponding ones. This is simply because the bulk-boundary propagators should be compatible with the conformal symmetry. The resulting tensor structure is just the combination of (X · P ) η AB − X A P B with the appropriate mixed-symmetrization. So quick derivation in the embedding space is just preparing the 2pt CFT correlators and replacing the one side of CFT vectors for the AdS ones.
We illustrate the simplest example, the irreducible representation corresponded to the smallest hook diagram , since we will use it in next section. The bulk-boundary propagator is
where we defined
Here we employed W and Z as Grassmann even auxiliary fields for the bulk and the boundary respectively. In the first line of (30), we assigned Θ(θ) for the left column of the and W (Z) for the right column (a box) of one. The two terms in the bracket are all possible tensor structures. The antisymmetrization has been done in the second line of (30) . Notice that the resulting tensor structure is unique. Remaining symmetrization and removing the trace part should be done when we move to the component expression. So we need the appropriate differential operators to do it. The systematic way of finding such operators is involved in general but can be seen in [40] .
Three point diagrams on the geodesics
In this section, we discuss the 3pt GWD and related 3pt functions in CFT. It is well known that 3pt Witten diagram is equivalent to the 3pt functions in CFT. Since 3pt functions are fixed by conformal symmetry, 3pt GWD also reproduce its functional form (though we cannot obtain the OPE coefficient directly, of course).
Three point diagrams with p-form
First, we consider 3pt diagram for scalar-vector-(2-form). We will use it for the later discussion in section 4.2. For a moment, we assign 3pt interaction
Here φ 1 , A 2J and F IJ 3 are supposed to be the bulk dual operator of CFT, O 1 , J 2I , and F IJ 3 respectively. Our (tree-level) amplitude is then
Here each bulk-boundary propagator was defined as follows 4 ,
[G
Although this integral can be done explicitly in principle, from here we discuss the geodesic integrals instead of the entire bulk integrals. We will denote 3pt GWD as W 3 (γ ij ), where γ ij represents the geodesics anchored on the boundary points P i and P j . By using the embedding coordinates, this geodesics can be expressed as
where λ is the proper time of the geodesics. Our geodesic integral W 3 (γ ij ) is then where
is tensor polynomial part of our amplitude. First of all, we estimate W 3 (γ 12 ) (case (a) in Figure 1 ).
After simple calculations, geodesic integral becomes
introduced in [30, 32] . The overall coefficient is given by
where B(x, y) is the beta function. For the computation, we used V 3,12 (θ 3 )V 3,12 (θ 3 ) = 0 (just the Grassmann odd property). This 3pt function agrees with the (3.57) of [32] .
One can more easily check that Figure 1 ). On the other hand, W 3 (γ 31 ) = 0 becasue [(P 1 · θ 3 )(2X(λ) · P 3 ) − (P 1 · P 3 )(2X(λ) · θ 3 )] = 0 in this case (case (c) in Figure 1 ). The reader who is familiar with CFT correlators might expect any other type of 3pt interaction also reproduce the same tensor structure. Indeed, if one choose 3pt interaction as
for example, we actually obtain the same function up to the overall constant. In this case, however, we observe W 3 (γ 23 ) = 0 instead. Such subtleties come from the derivative on the geodesics, which can be null. That was also observed in the case of symmetric-traceless tensors [20] .
In the same way, we can calculate, for example, 3pt GWD for vector-vector-(3-form). If one use
we obtain
Scalar-vector-hook
Next, we see the 3pt geodesic Witten diagram with a mixed-symmetric tensor. We consider a mixedsymmetric field H whose irreducible representation is corresponded to the smallest hook diagram . We consider three point interaction
and then the amplitude is given by
(44) Here we assigned 5 [G
which were discussed in section 2.3. This diagram turns out to be
The equation (47) indeed matches the (3.62) of [32] . See also the component expression in [41, 42] that discussed all hook shaped diagrams. 5 In this calculation, we are loose on the overall coefficient.
Conformal partial wave from geodesic Witten diagram
Finally, we discuss the correspondence between GWD and CPW, both of which have the anti-symmetric exchange. We will see GWD satisfies the conformal Casimir equation and the appropriate boundary condition. We demonstrate only the simplest example, say 2-form exchange, but extensions to more involved cases are straightforward.
Proof by conformal Casimir equation
The simplest CPW with anti-symmetric exchange comes from 4pt function of two scalars and vectors:
because OPE for (scalar) × (vector) can have the 2-form primary field F ab with scaling dimension ∆,
Hence we have the CPW for this channel defined as follows
The explicit form of this CPW was computed in [17] by using the shadow formalism (see also [32] ). By construction, [W ∆, [2] (x i )] ab satisfies the conformal Casimir equation:
where L i is the SO(d + 1, 1) generators on the boundary P i , and
. Since three point function O 1 J a F bc has the unique tensor structure, we also have CPW with unique tensor structure in this channel. Contribution from the primary field F bc dominates in the short distance limit |x 12 | → 0, hence the behavior of CPW in this limit is [W ∆, [2] ] ab ∼ |x 12 | −(∆ 1 +∆ 2 −∆+1) x c 12 (· · · ) abc . Here the doted bracket (· · · ) abc can be read from the three point function F ac O 3 J 4b .
Let us move to the gravity dual of CPW. The corresponding amplitude of GWD (see figure 2 (A) ) is
Here we used the geodesics 
In our amplitude, we chose the 3pt interaction (32) for the each interaction vertex. The above function
where L X is the SO(d + 1, 1) generator at the bulk point X . 6 This property leads
Here we used (26) in the second line. Therefore, we have obtained
A bit tedious but straightforward calculation shows that this integral also satisfies the desired boundary condition. To summarize, we have shown that GWD W ∆, [2] equals to CPW W ∆, [2] up to the normalization constant. 6 Since we possess uncontracted indices Bi at the point X , L X must be regarded as the generator before introducing the auxiliary field. When we consider the action onto a vector field VC , for example,
where (SAB)CD = ηAC ηBD − ηBC ηAD.
Connection to the shadow formalism
It is known that the harmonic function for symmetric-traceless tensor can be defined as the product of two bulk-boundary propagators, integrated over a sharing boundary point [43, 44, 28] . This expression is called the split representation. In particular, this expression is equivalent to the specific linear combination of bulk-bulk propagators.
In this section, we extend this fact to the anti-symmetric tensors and see the connection between GWD and the shadow formalism 7 explicitly. As like the symmetric-traceless case, we define the harmonic function as follows 8 ,
where h = d/2. In particular, it satisfies
Interestingly, the above definition (59) is equivalent to
We note the derivation of (62) in appendix A. Notice that h − iν = d − (h + iν). Therefore this relation suggests the bulk expression of the shadow formalism. Namely, there are also the contribution from the shadow operator with the scaling dimension d − ∆ to which we want project out. Replacing our bulk-bulk propagator to Ω −i(∆−h), [p] , we obtain
Here contraction for indices are represented as the differential operator K Θ introduced in (10). This expression equals the product of two 3pt GWD discussed in section 3.1, integrated over a sharing boundary point (see figure 2 (B) ). Since these 3pt GWD are equivalent to the 3pt conformal correlators, (63) is nothing but the bulk expression of the shadow formalism,
Inverting the above argument, we can confirm that the bulk expression naturally distinguishes between the desired CPW and its shadow contribution. 7 The reader who is not familiar with the shadow formalism, please see [17] . 8 Here the factor (−1)
p(p−1) is due to the left derivative of Grassmann odd variable θ.
Summary and Discussion
In this paper, we have developed the embedding formalism for anti-symmetric fields in AdS and applied it to the GWD with an anti-symmetric field. We have seen that 3pt GWD including the anti-symmetric field reproduce 3pt CFT correlators up to constant. We have also extended such computation to the 3pt GWD with a mixed-symmetric tensor and obtained the corresponding one. There are a number of choices of the 3pt interaction for these diagrams, but some of them vanish. This is the subtlety of the geodesic integrals and we need to take care about it, for example, when decomposing the usual Witten diagram into the sum of the GWD.
Moreover, we have shown that 4pt GWD with the anti-symmetric exchange also reproduces the CPW with the anti-symmetric primary field. The point was that the free equation of motions in AdS d+1 equals the conformal Casimir equation in CFT d . Moreover, we have discussed the split representation of the harmonic function for anti-symmetric tensors. This manifests the connection between GWD and the shadow formalism. We can expect that these properties do hold for any types of representations, such as mixed-symmetric tensors. However, there are no explicit form of the bulk-bulk propagators with mixed-symmetric tensors in the literatures. It might be interesting to find the explicit form of bulk-bulk propagators of interests and its split representation.
Throughout this paper, we yielded the case when corresponding CFT correlators have the unique tensor structure just for simplicity. For the extension to the more involved cases with non-unique tensor structures, we can apply the differential operators [31] for the symmetric indices as like previous works. Thus, for external fields with mixed-symmetry, it might be useful to find the ones for mixed-symmetric indices.
It would be also interesting to develop the embedding formalism in AdS for fields including the spinor indices, explore the Witten diagram on the minimal surface [45] , and find the relation among the seed geodesic Witten diagrams [46] . We leave these questions for the future work.
The tensor part of (65) is
We can choose polarizations such that Θ i · X j = 0. This specific choice simplifies the (67) as follows:
Then integration for the boundary point P can be done by using Feynman parametrization 
and the formula [17] ∂AdS d+1
Remaining integral for Feynman parameter t can be finished by using the equality 
The result which is proportional to (Θ 1 · Θ 2 ) p turns out to be the difference between g 0 (U ) in (24a) with scaling dimension h + iν and one with h − iν (and numerical prefactor iν 2π ). Therefore we have shown that the definition (65) and (66) is equivalent.
